The paper is devoted to the study of a linguistic dynamical system of dimension n ≥ 2 over an arbitrary commutative ring K, i.e., a family F of nonlinear polynomial maps fα : 
Introduction
It is well known that a continuous bijection of the interval [a, b] has a fixed point. In the case of the open variety K n , where K is a commutative ring, the situation is different. For each pair (K, n), n ≥ 3, we will construct a linguistic dynamical system, i.e., a family F = F n (K) = {f t }, t ∈ K − {0}, of invertible nonlinear polynomial maps f t : K n → K n without fixed points (f t (x) = x for every x ∈ K n ) such that f t −1 = f −t , and t 1 = t 2 implies f t1 (x) = f t2 (x) for every x.
For each string a = (a 1 , . . . , a s ), we consider the composition
We will refer to a string a = (a 1 , . . . , a s ) with regular elements (nonzero divisors) a i + a i+1 , i = 1, . . . , s − 1, as a regular string of length s. Let R s = R s (K) be the totality of all regular strings of length s.
The rank r = r(F ), r ≥ 1, of a linguistic dynamical system F is the maximal number s such that for each a ∈ R s the condition
Consider the simple graph Γ = Γ(F ) of the dynamical system F with the vertex set V = K n such that u ∈ V and v ∈ V are connected by an edge if and only if f t (u) = v for some t ∈ K.
The property d(F ) ≥ s means that for every vertex x and every "regular" string a = (a 1 , . . . , a s ), s ≤ d, as above, x and F a (x) = f a1 × . . . × f as (x) are not included together in a cycle of even length ≤ 2d in the graph Γ(F ).
The property r(F ) ≥ s means that for every vertex x and every a ∈ R s , the vertices x and G a (x) are connected by a unique path of length ≤ s.
Recall that the girth g = g(Γ) of the graph Γ is the length of its smallest cycle. The property r(F ) ≥ s implies that in the case where K is an integral domain, the girth g of the graph Γ(F ) is greater than 2s.
In Sec. 4, we explicitly construct a family of dynamical systems L n (K), where n = 0 mod 3, n is even, and n ≥ 2, of rank r ≥ 1/3n and level d ≥ 2/3n. This means that the family L(n, q) = L(n, F q ) of the graphs of the dynamical systems L n (q) of fixed degree q − 1 satisfies the inequality g(L(n, q)) ≥ γ log q−2 q n , where the constant γ does not depend on n, its value is approximately 2/3 log q−2 q. Thus they form a family of graphs of large girth in the sense of Biggs [2] for each prime power q. We will construct another family of graphs of large girth, B(n, q), related to L n (q), n = 4, 5 . . ., for each even prime power q.
An essential algorithmic advantage of the new families over the family of Cayley graphs X(p, q) constructed by Margulis is the following: the set of vertices for X(p, q) is the group P SL(2, q), which is an algebraic manifold over the prime field F q of dimension bounded by a constant, while the sets of vertices for the graphs L(n, q) and B(n, q) are the varieties F n q and F * q F n−1 q of dimension n over F q . This means that algorithms related to the new families of graphs can be implemented using the Turing machine of algebraic transformations of a potentially infinite text over the fixed alphabet F q . The graphs L(n, q) and B(n, q) are not bipartite, in contrast to the members of another known family CD(n, q) (see [16] ) of graphs of large girth. There is a canonical map from L(n+2, K) (respectively, B(n+1, q)) onto L(n, K) (respectively, B(n, q)), and the projective limit , q) ) is well defined.
The four families mentioned above give us the complete list of families of graphs of large girth with unbounded degree. They satisfy the inequality g ≥ c log k−1 (v), where g, k, v are the girth, degree, and order of a graph in the family, and the "rate c of logarithmic growth of the girth" is constant.
We define an arithmetic dynamical system F = {f α |α ∈ Q} simply by considering a quasiprojective submanifold M of K n instead of K n with the requirement f α ∈ F instead of f α −1 = f −α , Q being simply a subset of K. A major justification for the study of arithmetic graphs related to such dynamical systems is that they are examples of graphs with memory (see [29] ), because we cannot view such a graph merely as a finite automaton where the states v and f α (v) are connected by an arrow with label α, but we must remember that each state v is a string of characters in the alphabet K.
We consider an explicit construction of arithmetic dynamical systems D n (K) and C n (K) on K n ∪ K n related to permutational representations of the infinite groups U (K) and CU (K) defined over an arbitrary commutative ring; if K is an integral domain, then CU (K) is the free product K + * K + , where K + is the additive group of the ring, and the well-defined projective limit of the graphs Γ(C n (K)) is an infinite tree. If K has zero divisors, then the girth of each graph Γ(C n (K)) and of their projective limit drops to 4 (see Sec. 4).
The ideas concerning applications of graphs of large girth and the dynamical systems defined above to cryptography are considered in Sec. 3.
Section 5 is devoted to graphs and dynamical systems related to polarities of the graphs Γ(D n (K)) and Γ(C n (K)). It contains an explicit construction of the family L n (K).
Cages, regular graphs without even cycles, and families of graphs of large girth
The missing definitions of graph-theoretical concepts that appear in this paper can be found in [6] or [28] . All graphs under study are simple, i.e., undirected, without loops and multiple edges. Let V (G) and E(G) denote the set of vertices and the set of edges of G, respectively; |V (G)| is called the order of G, and |E(G)| is called the size of G. A path in G is called simple if all its vertices are distinct. When convenient, we identify G with the corresponding antireflexive binary relation on V (G), i.e., E(G) is viewed as a subset of V (G) × V (G). The length of a path is the number of its edges.
The girth of a graph G, denoted by g = g (G) , is the length of the shortest cycle in G. Let k ≥ 3 and g ≥ 3 be integers. A (k, g)-graph is a k-regular graph with girth g. A (k, g)-cage is a (k, g)-graph of minimal order. The problem of determining the number of vertices v(k, g) of a (k, g)-cage is unsolved for most pairs (k, g) and is extremely hard in the general case. By counting the number of vertices in the breadth-first-search tree of a (k, g)-graph, one easily establishes the following lower bounds for v(k, g):
The problem of determining v(k, g) was posed in 1959 by F. Kartesi, who observed that the value v(3, 5) = 10 is realized by the Petersen graph (see [9] ). The above lower bound was established by Tutte [30] . Consider a family of graphs G i of degree l i and unbounded girth g i such that
The last formula means that the G i , i = 1, 2, . . ., form an infinite family of graphs of large girth in the sense of Biggs [3] .
The order of graphs in such a family is close to the lower bound on v(k, g); this bound shows that γ ≤ 2, but no family has been found for which γ = 2. Bigger γ's correspond to a larger girth.
